Introduction
A slant surface M of a Kaehlerian manifold is called special slant if, with respect to some suitable adapted orthonormal frame {e 1 , e 2 , e 3 , e 4 } , the shape operator of the surface takes the following forms:
where both c and λ are real numbers and {e 1 , e 2 } is an orthonormal basis on T p M . The special slant surfaces were studied in complex space forms by Chen in [9] and [10] . He proved the following relation involving the squared mean curvature ∥H(p)∥ 2 and the Gauss curvature K at a point p of proper slant surface M in a complex space form M (4c):
where θ is the slant angle of the surface M . Furthermore, Chen showed that the equality case of (1.2) holds at all points p ∈ M if and only if the surface is special slant with c = 3 .
Later, the special slant surfaces were studied on complex projective spaces and complex hyperbolic spaces in [11] , on Kaehlerian manifolds in [13] , on Lorentz surfaces in [15] , on nonflat complex space forms in [18] , on Sasakian space forms in [24] . etc.
Besides these facts, geometric structures of the pointwise slant submanifolds in almost Hermitian manifolds were first introduced by Chen and Gray in [17] as a generalization of the slant submanifolds of almost * Correspondence: mehmetgulbahar85@gmail.com 2010 AMS Mathematics Subject Classification: 53C15, 53C40, 53C42.
Hermitian manifolds. Later, pointwise semislant submersions were studied in [23] , warped product pointwise slant submanifolds were investigated in [30] , pointwise H -slant submanifolds in almost Hermitian manifolds were studied in [28] , and pointwise slant and pointwise semislant submanifolds in almost contact metric manifolds were studied in [29] . For more details, we can also refer to [16] . This paper is organized as follows: in Section 2, some basic facts on submanifold theory are given. In section 3, the basic concepts related to Riemannian product manifolds are mentioned. In Section 4, the proper pointwise slant submanifolds of a locally product manifold are introduced and a useful orthonormal basis for these submanifolds are given. The sectional curvature, the Ricci curvature and the scalar curvature are computed in the proper pointwise slant submanifold of an almost constant curvature manifold. In Section 5, an inequality involving the squared mean curvature and the Gauss curvature of a proper pointwise slant surface of an almost constant curvature manifold is established. The special proper pointwise slant surfaces on these submanifolds are introduced.
Preliminaries
Let M be an m -dimensional Riemannian manifold equipped with a Riemannian metric g and {e 1 , . . . , e m } be any orthonormal basis for T p M . For a fixed i ∈ {1, . . . , m} , the Ricci curvature of e i , denoted by Ric (e i ), is defined by
and the scalar curvature at the point p ∈ M , denoted by τ (p), is defined by
where K ij denotes the sectional curvature of the plane section spanned by e i and e j .
Let (M, g) be an n-dimensional Riemannian submanifold of ( M , g) with the induced metric tensor g from the metric tensor g . The Gauss and Weingarten formulas are given by
for all X, Y ∈ Γ(T M ) and N ∈ T ⊥ M , where ∇ , ∇ are the Riemannian connections of M and M , respectively, while ∇ ⊥ is the normal connection of M in M and T ⊥ M stands for the normal bundle of M . We denote the inner product of both the metrics g and g by ⟨, ⟩ . σ and A N are related by
The Gauss equation is given by In view of (2.5) and (2.6), we get
where K ij and K ij denote the sectional curvature of the plane section spanned by e i and e j at p in the submanifold M and in the ambient manifold M , respectively. Here, K ij and K ij are said to be the "intrinsic"
and "extrinsic" sectional curvature of the plane Span {e i , e j } at p ∈ M .
The mean curvature vector H is given by H = 
then the submanifold is called totally umbilical [8] .
Locally product manifolds
Let M be an m-dimensional differentiable manifold and F be a (1, 1) type tensor on the tangent space of M such that
where I denotes the identity transformation. Then M is called an almost product manifold. If we put
then we have
If an almost product manifold admits a Riemannian metric g such that
for any vector fields X , Y on M , then ( M , g) is called an almost product Riemannian manifold [33] .
Let (M, g) be an n-dimensional Riemannian submanifold of an almost product Riemannian ( M , g). Then we have
where f X is the tangential part of F X and wX is the normal part of F X for any vector field X tangent to M . Similarly, we can write
where tV is the tangential part of F V and sV is the normal part of F V for any vector field V normal to M .
From (3.4) , it is easy to see that
for any X, Y ∈ Γ(T M ) .
Let us consider an m-dimensional manifold M , which is covered by a system of coordinate neighborhoods
such that in any intersection of two coordinate neighborhoods
and
, we have Thus, M is called a locally product manifold, which admits a locally product structure defined by the existence of a separating coordinate system. A locally product manifold always admits a natural tensor field F of type (1, 1) given by
,
In a locally product manifold M , let a Riemannian metric
which satisfies equality (3.4) for all vectors X and Y . Then M is called a locally product Riemannian manifold. If the metric of the manifold has the form
then M is called a locally decomposable Riemannian manifold. A locally product Riemannian manifold is a locally decomposable manifold if and only if ∇F = 0 , where ∇ is the Riemannian connection of M [33] .
Then both M 1 and M 2 are manifolds of constant curvatures c 1 and c 2 , respectively; that is,
if and only if 
A locally decomposable Riemannian manifold is called a manifold of almost constant curvature and denoted by M (a, b) if its curvature tensor R is given by (3.8) . For more details, we refer to [32, 33, 34, 35] .
Proper slant submanifolds of locally product manifolds
In We note that a pointwise slant submanifold of an almost product manifold is called slant, in the sense of [7] and [8] , if its Wirtinger function θ is globally constant. Moreover, F -invariant and F -antiinvariant submanifolds introduced in [35] are pointwise slant submanifold with slant angle 0 and
Now we need the following existence theorem: 
Since M is a proper pointwise slant submanifold of M , we have
By using (4.9) and (4.10), we get
If we put (4.11) in (4.10), we have 
ii) If g(F e i , e j ) = cos θ then M is a product pointwise slant surface with g(F e i , e i ) = 0 if and only if each of
the e i is parallel.
Lemma 4.5 Let (M, g) be a θ -slant submanifold of an m-dimensional locally product manifold ( M , g). Then the following statements occur: i) For any vectors X, Y tangent to M , we have
f 2 = (cos 2 θ)I and ⟨f X, Y ⟩ − ⟨X, f Y ⟩ = 0,(4.
13)
where I denotes the identity transformation. 
ii) For any vectors X, Y tangent to M , we have
(∇ X f )Y = tσ(X, Y ) + A wY X.
iii) For any vectors X , Y tangent to M , we have
∇ ⊥ X wY − w∇ X Y = sσ(X, Y ) − σ(X, f Y ). (4.15)
Hence, ∇w = 0 if and only if
Proof Proof of (i) is clear from (3.7). Now we shall prove statements (ii) and (iii) .
Since M is a locally product manifold, we obtain
, we have (4.14) and (4.15).
Considering (4.14) and (4.15), it is clear that ∇f = 0 if and only if A wX Y = A wY X and ∇w = 0 if and only if
A sξ X = A ξ f X , respectively. 2
Corollary 4.6 Let (M, g) be a product submanifold of an m-dimensional locally product manifold ( M , g). Then M is pointwise θ -slant if and only if
For simplicity, let us put
for any X ∈ Γ(T M ) and define a symmetric bilinear T M -valued form on M by
α(X, Y ) = tσ(X, Y ).
Thus, we can write
where β is also a symmetric bilinear T M -valued form on M . From (4.16) and (4.17) , we have
Therefore, we have
Consequently, we obtain
We shall now need the following remarks for later use:
Remark 4.7 Suppose (M, g) is an n -dimensional submanifold of any Riemannian manifold ( M , g) endowed with any tensor field E of type (1, 1). Let T p M (resp. T ⊥ p M ) denote the tangent space (resp. the normal space) to M at p ∈ M . For any X ∈ T p M , we decompose EX into tangential and normal parts given by
The manifold M is said to be E -invariant [34] (resp. E -antiinvariant [34] 
⟨f E e i , e j ⟩ 2 ,
where {e 1 , . . . , e n } is any orthonormal basis of the tangent space T p M .
Remark 4.8 Since every linear form defines a pair of linear maps from the vector space to dual space of the vector space, we can define a linear map α
for any X ∈ Γ(T M ). The squared norms of α and α 1 on X ∈ T M are given by
⟨α(e i , e j ), α(e i , e j )⟩ and 
The Ricci curvature Ric (e i ) of e i is given by
The scalar curvature τ (p) at p ∈ M is given by
where tH(p) is the tangential part of the vector F H(p).

Theorem 4.10 Let
(M, g) be an n-dimensional (n > 2) proper pointwise θ -slant submanifold of an m- dimensional manifold of almost constant curvature M (a,
b). Then we have the following inequalities: i) For any unit vector
The equality case of (4.27) holds for a unit vector X ∈ T p M if and only if
The equality case of (4.27) holds for the point p ∈ M if and only if p is a totally geodesic point. 
where K is the Gaussian curvature of M , with the equality if and only if M is totally geodesic.
ii) If each e i is parallel for i ∈ {1, 2} , we have
with the equality if and only if M is totally geodesic.
Special slant surfaces on almost constant curvature manifolds
First, we give the following theorem: 
iii) The equality sign of (5.3) or (5.4) is satisfied at a point p ∈ M if and only if the shape operators of M at p take the following form: for any i, j ∈ {1, 2} and k, ℓ ∈ {3, 4}. From (5.6) and (5.7) we obtain 8) where λ 1 , λ 2 , λ 3 , and λ 4 are real numbers. Thus,
If each e i is not parallel for any i ∈ {1, 2} then
From (5.9) and (5.10), we get
which shows the proof of statement (i).
If each e i is parallel for any i ∈ {1, 2} then we have
Considering (5.9) and (5.12) we get [12, 16] , etc.) Remark 5. 6 The surface in Euclidean 4 -space satisfying (5.14) for c = −1 caught the special attention of geometers (see [19, 20] , etc.) in many ways. Such a surface was named a minimal superconformal surface by Milousheva in [27] .
be the 4-dimensional Euclidean space endowed with the Euclidean metric. Let F be a product structure on E 4 by
Now we give the following proper pointwise slant surface examples with respect to the almost product structure F given in (5.15). The surface is a proper pointwise slant surface with the Wirtinger function θ = |u − v| , but it is not special.
We also note that the surfaces given in Example 5.7 and Example 5.8 are members of a larger family of surfaces studied by Dursun and Turgay in [21, 22] .
